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Variations of the Steinbart Theorem / Darij Grinberg

Webeginwith citing theso-calledSteinbartTheorem(Oliver Funck[1]; [2] givesa partial
converse):

Let
�

ABC bea triangleand
�

A � B � C � its tangentialtriangle. This means: At thepointsA, B and
C wedrawtangentsto thecircumcircleof � ABC; theintersectionof thetangentsat B andat C is
calledA � , andthepointsB � andC � aredefinedsimilarly.

Furtherlet A � � , B � � andC � � bepointson thecircumcircleof � ABC satisfyingtheconditionthat
thelinesAA� � , BB� � andCC� � concur. ThentheSteinbartTheoremsaysthatthelinesA � A � � , B � B � � and
C � C � � alsoconcur. (Fig. 1)
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Now, onewill askhimselfif theconditionthatthelinesAA� � , BB� � andCC� � concuris also

necessaryto makethelinesA � A � � , B � B � � andC � C � � concur.
Theansweris surprising– No! Thereareotherpositionsof thepointsA � � , B � � andC � � for which

thelinesA � A � � , B � B � � andC � C � � concur. Namely, this is alsovalid if thepointsAA� � � BC, BB� � � CA
andCC� � � AB arecollinear. (Fig. 2). (Thesign � means” intersection” .)
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Sowearegoingto provethefollowing theorem:
Theorem 1, the Extended Steinbart Theorem. Let A � � , B � � andC � � beanythreepointson the

circumcircleof � ABC. ThelinesA � A � � , B � B � � andC � C � � concurif andonly if eitherthelinesAA� � ,
BB� � andCC� � concuror thepointsAA� � � BC, BB� � � CA andCC� � � AB arecollinear.

Theproofwill beessentiallyanextensionof theonegivenfor a partialconverseof theSteinbart
Theoremin [2]. WedenoteK 	 AA
 
 � BC, L 	 BB
 
 � CA andM 	 CC
 
 � AB. (Fig. 3)

Now wecanrewriteTheorem1: ThelinesA 
 A 
 
 , B 
 B 
 
 andC 
 C 
 
 concurif andonly if eitherthe
linesAK, BL andCM concuror thepointsK, L andM arecollinear.

Wewantto provethis.
FromtheCevatheorem, thelinesAK, BL andCM concurif andonly if

BK
KC

� CL
LA

� AM
MB


 1.

FromtheMenelaostheorem, thepointsK, L andM arecollinearif andonly if

BK
KC

� CL
LA

� AM
MB


 � 1.

It follows thateitherthelinesAK, BL andCM concuror thepointsK, L andM arecollinearif
andonly if

BK
KC

� CL
LA

� AM
MB

2 �
1.

FromtheCevatheoremin thetrigonometricform, thelinesA � A � � , B � B � � andC � C � � concurif and
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only if

sin � C � A � A � �
sin � A � � A � B �

� sin � A � B � B � �
sin � B � � B � C �

� sin � B � C � C � �
sin � C � � C � A �

� 1.

Thus, it remainsto establishthat

sin � C � A � A � �
sin � A � � A � B �

� sin � A � B � B � �
sin � B � � B � C �

� sin � B � C � C � �
sin � C � � C � A �

� 1

is valid if andonly if

BK
KC

� CL
LA

� AM
MB

2 � 1

is valid.
In fact, wewill showtheequation

sin � C � A � A � �
sin � A � � A � B �

� sin � A � B � B � �
sin � B � � B � C �

� sin � B � C � C � �
sin � C � � C � A �

� BK
KC

� CL
LA

� AM
MB

2
.     (1)
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At first, theSineLaw gives

BK
KC

� sin � BAK � AB : sin � AKB
sin � KAC � CA : sin � AKC

.

But � AKB � � AKC � 180° andsin � AKB � sin � AKC, whatleadsto

BK
KC

� sin � BAK � AB
sin � KAC � CA

� sin � BAK
sin � KAC

� c
b

� sin � BAA� �
sin � A � � AC

� c
b

.
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Analogously,

CL
LA

� sin � CBB� �
sin � B � � BA

� a
c and AM

MB
� sin � ACC� �

sin � C � � CB
� b

a ;

hence,

BK
KC

� CL
LA

� AM
MB

� sin � BAA� �
sin � A � � AC

� c
b

� sin � CBB� �
sin � B � � BA

� a
c

� sin � ACC� �
sin � C � � CB

� b
a

� sin � BAA� �
sin � A � � AC

� sin � CBB� �
sin � B � � BA

� sin � ACC� �
sin � C � � CB

� c
b

� a
c

� b
a ,

and

BK
KC

� CL
LA

� AM
MB

� sin � BAA� �
sin � A � � AC

� sin � CBB� �
sin � B � � BA

� sin � ACC� �
sin � C � � CB

.     (2)

Furthermore

sin � C � A � A � �
sin � A � � A � B �

� sin � BA� A � �
sin � A � � A � C

� BA� � � sin � A � � BA� : A � A � �
A � � C � sin � A � � CA� : A � A � � (SineLaw)

� BA� � � sin � A � � BA�
A � � C � sin � A � � CA�

� BA� �
A � � C

� sin � A � � BA�
sin � A � � CA� .

Now, wehavethechordal-tangentangles� A � � BA� � � BAA� � and � A � � CA� � � A � � AC. We
conclude

sin � C � A � A � �
sin � A � � A � B �

� BA� �
A � � C

� sin � BAA� �
sin � A � � AC

.

Sincea chordin a circle is equalto thedoubleradiusof thecircle timesthesineof thechordal
angleof thechord, wehaveBA� � � 2r sin � BAA� � andA � � C � 2r sin � A � � AC, wherer is the
circumradiusof � ABC. Thus,

sin � C � A � A � �
sin � A � � A � B �

� 2r sin � BAA� �
2r sin � A � � AC

� sin � BAA� �
sin � A � � AC

� sin � BAA� �
sin � A � � AC

2
.

Similarly,

sin � A � B � B � �
sin � B � � B � C �

� sin � CBB� �
sin � B � � BA

2
and

sin � B � C � C � �
sin � C � � C � A �

� sin � ACC� �
sin � C � � CB

2
;

multiplicationgives

sin � C � A � A � �
sin � A � � A � B �

� sin � A � B � B � �
sin � B � � B � C �

� sin � B � C � C � �
sin � C � � C � A �

� sin � BAA� �
sin � A � � AC

� sin � CBB� �
sin � B � � BA

� sin � ACC� �
sin � C � � CB

2
,

andafter(2) this becomes

sin � C � A � A � �
sin � A � � A � B �

� sin � A � B � B � �
sin � B � � B � C �

� sin � B � C � C � �
sin � C � � C � A �

� BK
KC

� CL
LA

� AM
MB

2
,

whatprovestheformula(1). This establishesTheorem1.
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Let  ABC anarbitrarytriangle; theincircle of this triangletouchesthesidesBC, CA andAB at

thepointsX, Y andZ, respectively. Then, thetriangleXYZis calledGergonne triangle of triangle
ABC. (It is alsocalledcontact triangle or intouch triangle.) Obviously, theincircle of  ABC is the
circumcircleof  XYZ, andthetriangle  ABC itself is thetangentialtriangleof  XYZ. This indicates
thatwecanapplyTheorem1 to triangleXYZ, andget:

Theorem 2. Let X ! , Y! andZ ! beanythreepointson theincircle of  ABC. ThelinesAX! , BY!
andCZ! concurif andonly if eitherthelinesXX! , YY! andZZ! concuror thepointsXX! " YZ,
YY! " ZX andZZ! " XYarecollinear.

(SeeFig. 4 for thecasewhenthelinesXX! , YY! andZZ! concur, andFig. 5 for thecasewhenthe
pointsXX! " YZ, YY! " ZX andZZ! " XYarecollinear.)
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This theoremhasaninterestingcorollary.
Theorem 3. Let # ABC bea triangleand # XYZ its Gergonnetriangle. Further, let D, E andF be

anythreepointson thesidesBC, CA andAB of triangleABC. FromD, E andF, drawthetangents
to theincircle of # ABC (differentfrom thetriangle’ssidesBC, CA, AB); thesetangentstouchthe
incircle at thepointsX $ , Y$ andZ $ , respectively. ThenthelinesAX$ , BY$ andCZ$ concurif andonly
if eitherthepointsD, E andF arecollinearor thelinesAD, BE andCF concur.

(SeeFig. 6 for thecasewhenthelinesAD, BE andCF concur, andFig. 7 for thecasewhenthe
pointsD, E andF arecollinear.)

Remarkthata partof this theorem(namelythatif thelinesAD, BE andCF concur, thelines
AX$ , BY$ andCZ$ concur), wasfoundby Jean-PierreEhrmann. SeeHyacinthosmessage#6966. It
canbegeneralizedfor anyinscribedconicinsteadof theincircle.
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Weproceedto showTheorem3 for theincircle usingthenotionsof polesandpolarswith

respectto circles.
Rememberthatif a point lies P outsideof a circle k, thepolarof this pointwith respectto k is

theline joining thetwo pointswherethetangentsfrom P to k touchk. Fromthis, wehave:
Thepolarsof thepointsA, B andC with respectto theincircle of % ABC arethelinesYZ, ZX

andXY; thepolarsof thepointsD, E andF with respectto theincircle of % ABC arethelinesXX& ,
YY& andZZ& . Hence, thepolesof thelinesAD, BE andCF arethepointsXX& ' YZ, YY& ' ZX and
ZZ& ' XY.

ThepointsX & , Y& andZ & lie on theincircle of % ABC. After Theorem2, thelinesAX& , BY& and
CZ& concurif andonly if eitherthelinesXX& , YY& andZZ& concuror thepointsXX& ' YZ, YY& ' ZX
andZZ& ' XYarecollinear. ThelinesXX& , YY& andZZ& arethepolarsof thepointsD, E andF and
concurif andonly if thepointsD, E andF arecollinear. ThepointsXX& ' YZ, YY& ' ZX and
ZZ& ' XYarethepolesof thelinesAD, BE andCF andarecollinearif andonly if thelinesAD, BE
andCF concur.

This provesTheorem3.
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