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Variations of the Steinbart Theorem / Darij Grinberg

We beginwith citing the so-calledSteinbartTheorem(Oliver Funck[1]; [2] givesa partial
conversg

Let AABC beatriangleandAA'B'C’ its tangentiakriangle This meansAt thepointsA, B and
C we drawtangentgo the circumcircleof AABC; theintersectiorof thetangentsatB andat C is
calledA’, andthepointsB’ andC’ aredefinedsimilarly.

Furtherlet A", B” andC" bepointsonthecircumcircleof AABC satisfyingthe conditionthat
thelinesAA’, BB” andCC" concur Thenthe SteinbarfTheoremsaysthatthelinesA’A”, B'B” and
C'C" alsoconcur (Fig. 1)

Fig. 1

Now, onewill askhimselfif the conditionthatthelinesAA”, BB" andCC" concuris also
necessaryo makethelinesA'A”, B'B" andC'C” concur

Theanswelis surprising— No! Thereareotherpositionsof the pointsA”, B” andC"” for which
thelinesA’A”, B'B" andC'C” concur Namely; thisis alsovalid if the pointsAA” N BC, BB" N CA
andCC" N AB arecollinear. (Fig. 2). (Thesignn means'intersectiofi.)
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Fig. 2

Sowe aregoingto provethefollowing theorem

Theorem 1, the Extended Steinbart Theorem. Let A”, B” andC” beanythreepointsonthe
circumcircleof AABC. ThelinesA'A”, B'B” andC'C” concurif andonly if eitherthelinesAA”,
BB’ andCC" concuror the pointsAA’ N BC, BB’ N CAandCC" N AB arecollinear.

Theproofwill beessentiallyanextensiorof the onegivenfor a partialconverseof the Steinbart
Theoremin [2]. WedenoteK = AA" N BC, L = BB’ N CAandM = CC" n AB. (Fig. 3)

Now we canrewrite Theoreml: ThelinesA'A”, B'B” andC'C" concurif andonly if eitherthe
linesAK, BL andCM concuror the pointsK, L andM arecollinear.

We wantto provethis.

Fromthe CevatheoremthelinesAK, BL andCM concurif andonly if

BK , CL, AM _,
KC*T1A "MB ~ ~

Fromthe MenelaogheoremthepointsK, L andM arecollinearif andonly if

BK ,CL,AM _ ,
KC " LA °'MB '

It follows thateitherthelinesAK, BL andCM concuror the pointsK, L andM arecollinearif
andonly if

Fromthe Cevatheoremin thetrigonometricform, thelinesA’A”, B'B” andC'C"” concurif and
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only if

sinA C'A'A” , sinA AB'B" , sinAB'C'C"

SinAA’A'B"  sinAB"B'C'"  sinAC'C'A
Thus it remaingsto establishithat

sina C'A'A” , sinA AB'B" , sinAB'C'C" _
SinAA’A'B"  sinAB"B'C"  sinAC'CA

is valid if andonly if
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is valid.
In fact, we will showthe equation

sinA C'A'A" | sinA A'B'B" , sinAB'C'C" _ (BK .CL,AM )2_

: : - 1
SiINAA"A'B"  sinAB"B'C"  sinAC'CA @

KC LA MB

Fig. 3
At first, the SineLaw gives

BK _ sinA BAKeAB : sinA AKB
KC SINAKACeCA : sinAAKC"

But A AKB + A AKC = 180° andsin A AKB = sin A AKC, whatleadsto

BK _ sinABAKeAB _ sinABAK , ¢ _ sinABAA’' , ¢
KC sSinAKAC«CA SinAKAC b sinAA’AC b’
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Analogously
CL _ sinACBB' , a and AM _ sinAACC' . b.
LA  sinAB'BA € MB  sinAC'CB @&’
hence
BK ,CL_ AM _ (sinABAA” . g) . (sinACBB” . g) . ( sinA ACC’ | Q)
KC LA MB sinAA"AC b sinAB"BA € sinAC'CB @
_ (sinABAA” . SinA CBB’ , sinA ACC’ ) . (g .a., Q)
sinA A"AC sinAB"BA sinA C'CB b € a)j’
and
BK , CL , AM _ sinABAA’ , sinACBB’ , sinA ACC' @)
KC LA MB sinAA"AC sinAB"BA sinAC'CB’
Furthermore

sinA C'A'A" _ sinA BA'A"
sinA A"A'B’ sinA A"A'C
BA” « sin A A'BA : A'A" Si
= - ineLaw
A'CesinAA'CA : AA ( )
_ BA"«sinAA'BA _ BA’ , sinA A'BA

A'CesinA A'"CA  A'C sinAA'CA

Now, we havethe chordattangentanglesA A"BA' = A BAA’' and A A"CA = AA"AC. We
conclude

sinA C'A'A” _ BA' , sinA BAA'
SinA A’A'B’ A’'C  sinAA’AC’

Sinceachordin acircleis equalto the doubleradiusof the circle timesthe sineof thechordal
angleof thechord we haveBA" = 2rsinA BAA’ andA"C = 2rsin A A”AC, wherer is the
circumradiuof AABC. Thus

SinAC'A'A” _ 2rsinABAA’ , sinABAA' _ (sinABAA” )2.

sinA A’A'B' 2rsinAA’AC  sinAA’AC  \sinAA"AC
Similarly,
sinAA'B'B" _ (sinACBB” )2 and
sinA B"B'C' sinA B"BA
sinA B'C'C" _ (sinAACC” )2.
sinA C"C'A sinAC'CB /"’

multiplicationgives
sinA C'A'A” | sinA AB'B" , sinAB'C'C"
sinAA’"A'B’ sinAB'B'C' sinAC'C'A
_ (sinABAA” . sinA CBB’ , sinA ACC' )2
sinAA’"AC sinAB"BA sinAC'CB/’

andafter(2) thisbecomes

sinAC'A'A" | sinA AB'B” , sinAB'C'C" _ (BK .CL,AM )2
sinAA"A'B’  sinAB"B'C’  sinAC'CA KC " 1A "MB/

whatprovestheformula(1). This establishe3heoremi.
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Fig. 4

Let AABC anarbitrarytriangle theincircle of this triangletoucheghe sidesBC, CAandAB at
thepointsX, Y andZ, respectivelyThen thetriangleXYZis calledGergonnetriangle of triangle
ABC. (It is alsocalledcontact triangle or intouch triangle.) Obviously, theincircle of AABC is the
circumcircleof AXYZ, andthetriangleAABC itself is thetangentiakriangleof AXYZ. Thisindicates
thatwe canapply Theoreml to triangleXYZ andget

Theorem 2. Let X', Y’ andZ' beanythreepointsontheincircle of AABC. ThelinesAX, BY
andCZ concurif andonly if eitherthelinesXX', YY andZZ concuror thepointsXX N YZ
YY N ZXandZZ n XY arecollinear.

(See€Fig. 4 for thecasewhenthelines XX, YY andZZ concut andFig. 5 for the casewhenthe
pointsXX N YZ YY N ZXandZZ N XY arecollinear)
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This theoremhasaninterestingcorollary.

Theorem 3. Let AABC beatriangleandAXYZ its Gergonndriangle Further let D, E andF be
anythreepointsonthesidesBC, CAandAB of triangleABC. FromD, E andF, drawthetangents
to theincircle of AABC (differentfrom thetrianglé s sidesBC, CA, AB); thesetangentdouchthe
incircle atthepointsX’, Y andZ’, respectivelyThenthelinesAX', BY andCZ concurif andonly
if eitherthe pointsD, E andF arecollinearor thelinesAD, BE andCF concut

(SeeFig. 6 for the casewhenthelinesAD, BE andCF concur andFig. 7 for the casewhenthe
pointsD, E andF arecollinear)

Remarkthata partof thistheorem(namelythatif thelinesAD, BE andCF concut thelines
AX', BY andCZ concu), wasfoundby JeanPierreEhrmann SeeHyacinthosmessagé6966. It
canbegeneralizedor anyinscribedconicinsteadof theincircle.

C
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Fig. 6

We proceedo showTheorem3 for theincircle usingthe notionsof polesandpolarswith
respecto circles

Remembethatif apointlies P outsideof acircle k, the polarof this pointwith respecto k is
theline joining thetwo pointswherethetangentdsrom P to k touchk. Fromthis, we have

Thepolarsof thepointsA, B andC with respecto theincircle of AABC arethelinesYz zZX
andXY; thepolarsof the pointsD, E andF with respecto theincircle of AABC arethelines XX,
YY andZZ. Hence the polesof thelinesAD, BE andCF arethepointsXX' N YZ YY N ZXand
ZZ' N XY.

ThepointsX’, Y andZ’ lie ontheincircle of AABC. After Theoren2, thelinesAX/, BY and
CZ concurif andonly if eitherthelinesXX/, YY andZZ concuror the pointsXX' N YZ YY N ZX
andzZZ N XY arecollinear ThelinesXX', YY andZZ arethe polarsof the pointsD, E andF and
concurif andonly if thepointsD, E andF arecollinear ThepointsXX' NYZ YY N ZXand
ZZ N XY arethepolesof thelinesAD, BE andCF andarecollinearif andonly if thelinesAD, BE
andCF concur

This provesTheorems.
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E
Fig. 7
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